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On the treatment of the gravitational field in connection 


with the generally relativistic Dirac equation 


By O. KLEIN 


In a recent paper R. Arnowitt and S. Deser! have successfully applied the 
so-called Palatini method, i.e. treating the g;, and the Tj, as independent. vari- 
ables to the quantization of the gravitational field. In this connection it oc- 
curred to me that a further simplification of the simultaneous quantum-theoret- 
ical treatment of the gravitational field and a Fermion field may be obtained 
if the coordinate dependent y' and the I’; appearing in the generally relativistic 
formulation of the Dirac equation are treated as independent quantities. This 
may be done by means of the Feynman method, taking the quantities or rather 
their components with respect to a fixed set of Dirac matrices as integration 
variables of the Feynman functional integral. In the following, however, we shall 
limit ourselves to the variation principle treatment of the gravitational field 
alone by means of the quantities in question. 

In the usual treatment of the Dirac equation in general relativity theory? 
the g;, are connected with the coordinate-dependent Dirac matrices y; by means 
of the anticommutation relations 


Jik=31Yis Vet (1) 


which we shall take, now, as the definition of the metric tensor g;,. Further, 
the [,, are defined by means of the equations 


Said ca T., Vil (2) 
where 
Ovi r 
a i r 3 
Vi, k ax" Vin y ( ) 


are the ordinary covariant derivatives of y;. Further, the I’, are connected with 
the Riemann curvature tensor Rx; mn by means of 


[x15 Ym] = Bua, mn y” i) 


1 R, Arnowitt and S. Deser, Phys. Rev. 113, 745 (1959). 
2 See V. Bargmann, Berl. Ber. 1932, p. 346. 
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art alt 
where Ox. = Ae hae Oe ae (5) 
With Ke = I [y™, y"] (6) 


it follows in a wellknown way, using (1), that 
O,)= —4 Rx, mn at (7) 


satisfies (4) and is the only solution of that equation, if to (2) we add the 
usual convention 


Tr (C;)=0. (8) 
We consider, next, the scalar 
® =10,, 8" = —} Rut, mrs” 8™. (9) 
Let us put of = he", 16", ©} =2 bres 7° = Ver Vor (10) 
Then O = —2 Rat, mn Yd Pia yt Vis OP ete" e’. (11) 
As is easily proved 
ar (6° ee" €°) =4 (5g Ops Op, Daa Ons Oa) (12) 


so that 


Tr (®) = —3 Bat, mn Y" vo vir Ys (Opq Ors — Ope Ogs + Ops Oar) = 
mn 


a ge ge es or gi) == 
= 3(Rnn—Rmn), or Tr(®)= RB. (13) 


aoe rae 3 Ry, mn Ch g 


Let us, now, consider the action integral for the gravitational field extended 
over a given space-time region 


s=[Vod'xR (14) 


whereby for R we write Tr (O), using the expression (9) for ® together with 
(5) und (6) by means of which ® is expressed in the y* and the T\, and their 
first space-time derivatives, g being the absolute value of the determinant | Gin 
Let us, now, carry out a variation of the action integral s with respect to the 
l, and ae) assuming that their variations vanish at the boundary of the region. 
After partial integration and making use of the variation of a trace being the 


trace of the variation and a trace of a product AB being independent of the 
order of the factors A and B we get 
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Cx 


re lag ae ne ; PEs Perce: 
6s=Tr | Vgd x le i als : I] OV, = ((Ox:, Vlei, Vas) OV : 


Let us, next, consider the field equations obtained by putting the variation 
in question equal to zero for arbitrary 6), and dy*. As is easily seen, the suf- 
ficient and necessary conditions for this are the following two sets of equations 


kl 


in 
b) 
= 


gs 
Vq G2! 


+[s",CJ=0 and [®,, y']+{®, y,}=0 (15) 


which on account of (5) and (6) form eight first order differential equations for 
the four y* and the four [;,. From general reasons of covariance it would 
seem that they are equivalent to the Einstein field equations in the absence 
of matter. 

Leaving this question aside we shall at present limit ourselves to some re- 
marks on the first set of equations (15), which may be given the form 


s+ [s, J =0. (16) 


As is easily seen, this relation is an immediate consequence of (2) on account 
of (6) and the vanishing of the covariant derivative of g,,. In fact, if, as is 
usual in the study of the generally relativistic wave equation, we define a 
generalized covariant derivative A.,, A being any quantity, by means of 


ye bee op Bl (17) 
Then (AB).,=A., B+ AB., (18) 


of which the statement in question is an immediate consequence. 

, On the other hand, relation (16) is weaker than (2), which together with the 
assumption Tr (I) =0 determines I, uniquely. Since any four-vector A, satis- 

fying the conditions 


[s, A,]=0 (19) 


added to a solution of (16) gives a new solution we have to look for such 
four-vectors. Now, the quantity 


ee SS Knot its 
4a ee tee ae 


where &1mn is the Levi-Civita antisymmetric tensor density of weight —1, is 
seen to commute with all the s and is, moreover, invariant with respect to 


general coordinate transformations. Thus, 
T,e=Ty, + ant y (20) 
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where I, may be taken to be that solution of (2), which has the trace equal 
to zero, and where a, and 6, behave as vectors in general coordinate trans- 
formations, would seem to be the most general solution to (15). Since in the 
special relativistic case y=y,; the 6, form a pseudovector in the usual notation, 
while the a, form an ordinary vector. Hereby, since Tr(y)=0, only the a,- 
term is included by the condition Tr (I\,) =0.1 
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